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Abstract

In the following text, for finite discrete X with at least two elements, nonempty countable I,
and ¢ : T' — I we prove the generalized shift dynamical system (X', o) is densely chaotic if
and only if ¢ : I' — T" does not have any (quasi-)periodic point. Hence the class of all densely
chaotic generalized shifts on X" is intermediate between the class of all Devaney chaotic gener-
alized shifts on X and the class of all Li-Yorke chaotic generalized shifts on X" In addition,
these inclusions are proper for infinite countable T'. Moreover we prove (X', o,,) is Li-Yorke sen-
sitive (resp. sensitive, strongly sensitive, asymptotic sensitive, syndetically sensitive, cofinitely
sensitive, multi-sensitive, ergodically sensitive, spatiotemporally chaotic, Li-Yorke chaotic) if
and only if ¢ : I' — T has at least one non—quasi—periodic point.

Keywords: asymptotic sensitive; densely chaotic; Li-Yorke sensitive; spatiotemporally chaotic;
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1 Introduction

One of the first concepts is introduced in the intermediate mathematical level, is the concept
of a self-map ¢ : I' — I'. We recall that a point a € I is a periodic point of ¢ : I' — T if there
exists n > 1 with ¢"(a) = a and it is a quasi—periodic point of ¢ : I' — I if there existn > m > 1
with ¢"(a) = ¢™(a). We denote the collection of all periodic (resp. non—quasi—periodic) points
of p : T' — I with Per(y) (resp. W(yp)).

One may find with an elementary approach that the map ¢ : I' — I does not have any periodic
point if and only if W () =I" (note thatif o € T'\ W (), then it is a quasi—periodic point and there
existn > m > 1 with ¢ (a) = ¢"(a) by "™ (¢™(a)) = ¢"(a) we have "™ (™ (a)) = ¢™ ()
then ¢ («a) € Per(y), and Per(p) # &).

Now for nonempty set I' and ¢ : I' = I we have the following diagram:
@ isonetoone and Per(yp) = @ —=> W(p) =T —= W(yp) # 2.

For “suitable” generalized shift dynamical system (X', o,,) which we deal in this paper, the first
statement in the above diagram “¢ is one to one and Per(y) = @” is equivalent to “(X', 0,,) is
Devaney chaotic” [18, Theorem 2.13] and the last statement “W () # @” isequivalentto “(X", 5.,)
is Li-Yorke chaotic” [17, Theorem 3.3]. We return to this diagram in Section 4 and show that
the second statement “W () = I'” is equivalent to “(X",0,,) is densely chaotic”, moreover the
implications of the diagram are not reversible for infinite I'.

Moreover “sensitive to initial conditions” or sometimes known as “butterfly effect” may is the
first concept in sensitivity approach for a large group of the mathematicians (see [3]). However,
regarding different dynamical points of view nowadays we can find various types of sensitiv-
ity, old ones and new ones in metric dynamical systems like mean sensitive, Li—Yorke sensitivity,
strongly sensitive, ergodically sensitive, multi-sensitive, cofinitely sensitive ... (seee.g., [5,7, 8,9,
14, 21]), or even in general dynamical systems [4].

In last section of this text, a collection of different types of sensitivities in the category of com-
pact metric generalized shift dynamical systems are compared.

In this text by N, we meant the set of positive integers {1, 2, ...}. Also for finite set A, | A| denotes
the cardinality of A.

What is a Generalized Shift?

By a dynamical system (or briefly system) (Z, f) we mean a topological space Z and continuous
map f : Z — Z. One of the most famous dynamical systems is one-sided shift dynamical system
oL kN = {1, kY with 0 () nen) = (Zos1)nen (for (2n)new € {1,..., kM), Study-
ing dynamical and non-dynamical properties of one-sided shift has been considered by several
authors, however the reader may find interesting ideas in [12] too.

For nonempty arbitrary set X with at least two elements and nonempty setI', wecall o, : X' —
X' with oy, ((za)aer) = (Zy(a))aer (for (zq)aer € XT) a generalized shift (generalizing of an idea
or concept is common in mathematics (see [6] and [10] as examples)). If X has a topological
structure and X! equipped with product (pointwise convergence) topology, then it is evident that
o, XU — XU is continuous, so we may consider the dynamical system (X', o,,). Moreover X' is
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a compact metrizable space if and only if X is compact metrizable and I is countable. Generalized
shift has been introduced for the first time in [16], which has been followed by studying several
properties of generalized shifts like, topological entropy [15], Devaney chaos [18] and Li-Yorke
chaos [17, 13].

2 Preliminaries in Dynamical Systems

In the dynamical system (Z, f) with compact metric phase space (Z,d), we say z,y € Z are
scrambled or (z,y) is a scrambled pair of (Z, f) if

liminf d(/" (), £"(y)) = 0 and limsupd(f"(z). /" (4) > 0.

n—roo

We denote the collection of all scarmbled pairs of (Z, f) with S((Z, d), f) or briefly S(Z, f). We
call a subset A of Z with at least two elements an scrambled set if every distinct pairs of elements
of A is an scrambled pair, i.e., A x A C S(Z, f)UAz, where Ay = {(z,2) : z € Z}. Also fore > 0
denote {(z,y) € S(Z, f) : limsupd(f"(z), f*(y)) > €} by S:((Z,d), f) or briefly S.(Z, f).

n—oo

Note 2.1. Suppose d and d’ are two compatible metrics on compact metrizable space Z, then for
every € > 0 exists 0 > 0 such that

Va,y € Z (d'(z,y) <6 = d(z,y) < e).
Now suppose ¢,6 > 0 satisfy the above statement, f : Z — Z is continuous, and (z,y) €
S:((Z,d), f), then lirr_1>inf d(f™(z), f*(y)) = 0thus there exists subsequence {d(f™*(x), ™ (y)) }r>1
such that
Jim d(f (@), 7 () = liminf d(f"(2), £ (3)) = 0.

Since Z x Z is a compact metrizable space, there exists subsequence

{(f™(x), ™ (y) his1 of {(f™ (x), ™ (y))}k>1 converging to a point of Z x Z like (z,w), hence

d(z,w) = llim d(f™ (x), f* (y)) :klim d(f™ (z), f*(y)) = 0 and z = w, therefore
—00 — 00

Jim d(f" (), f™ (y)) = d'(z,w) = 0,and
liminf d’'(f™(x), f*(y)) = 0.

n—roo
Moreover, limsupd(f™(z), f"(y)) > ¢, hence there exists subsequence {d(f™*(z), f™ (y))}i>1

such that e
lim d(f™ (), f™ (y)) = limsupd(f"(z), f"(y)) > €.

t—o0 n—00

Again, since Z x Z is a compact metrizable space, there exists subsequence
{(f™u(x), f™ (y)) hi>1 of {(f™ (), f™ (y))}+>1 converging to a point of Z x Z like (u,v), hence
d(u,v) = llim d(f™u(z), fmu(y)) = limsup d(f™(x), f"(y)) > € therefore d’'(u,v) > ¢. Thus

—00 n— o0

limsup d'(f"(z), f"(y)) = lim d'(f™ (x), f™ (y) = d'(u,0) 2 6 > 6/2,
n—oo —0
which shows (z,y) € S5/2((Z,d’), f) So we have, S:((Z,d), f) C Ss,2((Z,d'), f).
By using the above argument we have:

Ve > 03u>0(S:((Z,d), f) € Su((Z.d), [))
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and S((Z,d), f) = S((Z,d), ), i.e. the definition of an scrambled pair is independent of chosen
compatible metric on Z (for more details see [17]).

We recall that for ¢ > 0 the dynamical system (Z, f), with compact metric phase space (Z, d),
is:
e Li-Yorke chaotic, if Z has an uncountable scrambled subset;

o Li-Yorke sensitive, if there exists x > 0 such that for every z € Z and open neighbourhood U
of x there exists y € U with (z,y) € S.(Z, f) [7];

e densely e—chaotic, if Sc(Z, f) is a dense subset of Z x Z [11];

o spatiotemporally chaotic, if for every « € Z and open neighbourhood U of « there exists y € U
such that z, y are scrambled [20];

o densely chaotic, if S(Z, f) is a dense subset of Z x Z [11];

e topological transitive, if for all opene (nonempty and open) subsets U, V of Z there exists n > 1
withU N f*(V) # @ [2];

o Devaney chaotic, if it is topological transitive, Per(f) is densein Z (i.e., (Z, f) has dense periodic
points), and it is sensitive dependence to initial conditions (by [1] sensitivity dependence to
initial conditions is redundant).

Convention 2.2. : In the following text suppose X is a finite discrete space with at least two ele-
ments, I' is a nonempty countable set, and ¢ : I' — I' is a self-map.
Suppose I' = {1, B2, ...} equip X with metric:

D{(aact (adaer) = 32 WV, () (aaer € XT)

where )
0 a=0,
5(@,1))2{1 a#b.

Then D is a compatible metric with product topology of XTI

3 Densely Chaotic Generalized Shift Dynamical Systems

In this section we prove that the system (X', 0,,) is densely chaotic if and only if ¢ : I' — '
does not have any periodic point, i.e. W(y) =T.

Lemma 3.1. If ¢ : I' — I" does not have any periodic point, then for all finite nonempty subsets A, B of T,
{nezZ:yp"(A)N B # &} has at most card(A)card(B) elements and it is finite.

Proof. Since ¢ : I" — T does not have any periodic point, it does not have any quasi—periodic point
too. We prove for o, 5 € I', K = {n € Z : 5 € ¢"({a})} is void or singleton. Otherwise there
exists distinct n, m € K. Suppose n < m, we have the following cases:

e 0 <n < m. Inthis case ¢" ' (a) = ¢(B) = ¢! (a) and « is a quasi-periodic point of ¢.
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en < 0 < m. In this case p "(3) = a and B = ¢™(a) which leads to ¢ "™ !(a) =
0 "1(B) = p(a) and « is a quasi-periodic point of (.
e n < m < 0. Inthis case ™" () = a = ¢~ () and 3 is a quasi—periodic point of ¢.

By using the above cases ¢ : I' — I" has a quasi—periodic point, which is a contradiction. Hence
K has at most one element, which leads to the fact that

{neZ:@”(A)OB;AQ}:U{{neZ:ﬁEw"({a})}:(a,ﬂ)eAxB},

has at most card(A)card(B) elements. O

Lemma 3.2. Suppose ¢ : I' — T does not have any periodic point, ((za)aer; (Ya)aer) € S(X',0y,),
((2a)acrs (Wa)aer) € XT x X1 and there exist 11, ..., 1, € T such that forall « € T\ {¢1,...,¢,}
we have both x,, = z, and yo, = wy. Then ((2a)aer, (Wa)acr) € S(XT, 0,) and:

lim sup D(0y,((za)aer), 04 ((Ya)aer)) = lim sup D(03((2a)aer): o ((Wa)aer)) -

1
Proof. Given € > 0 there exists N > 1 with Z 2 < 5. Using Lemma 3.1 there exists K > 1 with
i>N

OBy BN} N {1, .. 0} =D forallt > K.

Thus z,¢(5,) = 24t (8,) and Yt (p,) = Wyt (p,) forall 1 <i < Nand ¢ > K. Hence for all t > K we
have:

’D(Ufa((xa)aer)v Utw(<ya)aef)) - D(Ufa((za)ael“)a Ufa((wa)ael“))’

I 9@t (8) Yot (8) < 0(Zpt(81)s Wt (8))
) )

21 21
i>1 i>1

IN

3 (5(wwi>7yw<m>)—5(%%6»7%%5»)) N
21'

1<i<N

Z (5(x@t([3i)’ ytpt(ﬂi)) - 6(Z¢t([31)’ wsot(ﬁi))) ‘
2i

i>N

ok (5(%%&),%(@))—5(%%&)’%(&))) N

21
1<i<N

21

3 (5(%%), Yot (5:)) — 5(%*(5071"%%&))) ‘

i>N

3 (5($<pt<ﬁi>’ygot<,ei>) —‘5(Z¢t<,8i>aww(ﬂi))>|

2l

(5(%t<m)awa(zai>) +5(%f(5i>»%t<m)> <y
2i

™
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Using
|D(0,((a)acr), 0p((Ya)acr)) — D(0y((2a)acr), 04y (wa)aer))| <& (VE> K),
we have:
h{is;lp D(0y,((Ta)aer), 0p((Ya)aer)) — ligsczpD(GZ((za)aer%Ufo((wa)aer))’ <e,
and

liminf D(o%,(we)aer). o (v )aer)) = iminf D(o (ze)aer). ob((wa)oer)| <.

Note to the fact that € > 0 is arbitrary, we have:

lim SupD(UtLp((xa)aEF)’ U;((ya)aer‘)) = hﬂs;jpD(aiz((za)aEF)a U;((wa)aer)) )

t—o00
and
litlgiogf D(Jtap((xa)ael“)a U;((ya)ael“)) = hggiong(Ufa((za)aeF)a Ufp((wa)ael‘)) )
which lead to the desired result. O

The following remark deal with the situation W (p) # @, and its connection to Li—Yorke and
topological chaoticity of (X', 5,,). Let’s recall that the system (Z, f) is topologically chaotic if it has
positive topological entropy (for the definition of topological entropy and more details see [19]).

Remark 3.1. By [15, Theorem 4.7], topological entropy of o, : X© — X1 is equal to o(¢) log | X |, where:

o(p) = sup({0} U {n € N : there exist a1, ..., o, € I' such that {©™(c1) }m>1, -5 {©™ () Fm>1
are infinite and pairwise disjoint }).

Hence (X', 0,) is topological chaotic if and only if o(¢) > 0, i.e., ¢ : I' — T has at least one non-quasi—
periodic point. So by [17, Theorem 3.3] the system (X', 0.,) is Li-Yorke chaotic (resp. has an scrambled
pair) if and only if the map ¢ : I' — T has at least one non—quasi—periodic point which is equivalent to
topological chaoticity of (X', 0,) in its turn.

Lemma 3.3. If ¢ : I' = T does not have any periodic point, then there exists y > 0 such that:

vre XU ye X ((z,y) € S(XT,0,) A limsup D(o!,(x), 0%, (y)) = p) -

t—o0

Proof. Since ¢ : T' = I' does not have any periodic point, it does not have any quasi—periodic point
too, and all of points of I" are non—quasi—periodic, hence by Remark 3.1 there exists ((pa ) aers (¢a)acr) €
S(XT,0,), let:

p 1= limsup D(0y,((pa)aer), 05 ((da)aer)) -

t—o00

Consider (74 )aer € X' and choose (Y4 )aer € X' such that:

Y. {:xa Pa = Ga
“ E{paaQa}\{xa} Da 7 Qo -

Hence 2, = y, if and only if p, = q,, therefore

5($a7ya) = 5(paaQ(1) (VO[ € F) :
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For all t > 1 we have:

Z (m Yot (8) 25(Pw<m)a%f«(m>)

D(O;((ma)aef‘)v ; yoz aEl" 9

i>1 i>1

D( ((pa)aGF)v gp((qa)QEF))
which leads to

hmme(Uw((a:a)aep) Uq,((ya)aer)) = llmlnfD(0¢((pa)aeF) Uzp((‘la)ael“)) 0,

t—o0 t— oo

limsup D(0 ((Za)acr), 04 ((Ya)acr)) = limsup D(0¢ ((pa)acr), 04 ((¢a)acr)) = p > 0,

t—o0 t—o0

and ((xa)aer‘a (ya)aef‘) € S(ero-tp)‘ O

Now we have the following lemma.

Lemma 3.4. If (X", 0,,) is densely chaotic, then W (p) =T (i.e., ¢ : I' — T does not have any periodic
point).

Proof. Consider 3 € Per(p) and n > 1 with ¢"(3) = 8, we prove (X', 5,,) is not densely chaotic.
We may also suppose 81 = 3, 82 = ¢(8), ..., Bn = " 1(B). Choose distinct p, g € X and let:

Ua:{{p} a:617"'7ﬂna Va:{{q} O‘:ﬂlw-'vﬂn,

X otherwise , X otherwise ,

also let:

v=[J[v. . v=]]Va,

acl ael

then U x V is an opene subset of X! x XT'. Consider (z,y) = ((za)aer, (Ya)acr) € U x V we have
x5, =+ =1z, =pandys = - =y, = q. Forall k > 1 we have ©*(8) € {1,...,B,} which
leads to w,x(5) = p and y kg) = g, thus:

D(cl((za)acr; Wa)aer)) = D((Tpk (o)) acrs Yok (a))acr)

1 1 1
Z 50(@er (), Upr(9) = 50(P0) = 5 -

Hence 1
lim inf D(0((#a)aer, (Ya)aer)) > 5
k—oc0 2

and (z,y) ¢ S(X",0,). Using (U x V)N S(X",0,) = @ we have the desired result. O

Now we are ready to characterize densely chaotic generalized shifts.

Theorem 3.1 (Densely chaotic generalized shifts). For finite discrete X with at least two elements,
nonempty countable set I' and ¢ : I' — T, the following statements are equivalent:

1. forsome e > 0, (X%, 0,) is densely e—chaotic;
2. the system (X', 0,) is densely chaotic;

3. the map ¢ : T' — T does not have any periodic point (i.e., W (p) =T').
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Proof. Clearly (1) implies (2). By Lemma 3.4, (2) implies (3).
(3= 1): Suppose W () =I' by Lemma 3.3 there exists 1z > 0 such that for all z = (z4)aer € X',
there exists y = (ya)aer € X with ((a)aer; (Va)aer) € S(X',0,) and

h?iing(at ((za)aer), 0L ((Ya)aer)) = 4 -

Suppose W is an opene subset of X' x X', there exist opene subsets U, V of X' withU x V C W.
Choose u = (ug)aer € U,v = (Va)acr € V and 91, . .., 4, € T such that H U, CU, H VoCV

ael’ acl
with (0} (o)
_ Uq 0421/)17---71/%7 _ Vo 04:1/11>~--a¢n7
Uo = { X otherwise , and Vo = { X otherwise .
Then for:

Za:{ua =11, and wa:{va =1, .. Py,

Ty otherwise , Yo otherwise .
By Lemma 3.2, we have (z,w) := ((24)acer; (Wa)acr) € S(X',0,) with

limsup D(0,(2), 0}, (w)) = limsup D(oy,(x), o, (y)) = pr.

t—o0 t—o0

Thus, (z,w) € (U x V)ﬁSu (X", 0p) and WNSu (X", 0,) # @ for each opene subset W of X" x X"
Therefore, (X', 0,) is 4 —densely chaotic. O

4 Sensitivity in Generalized Shift Dynamical Systems

We recall that the dynamical system (Z, f) with compact metric phase space (Z, d) is [14]:

o sensitive if there exists ¢ > 0 such that for all # € Z and open neighbourhood V of « there
existn > 0and y € V with d(f"(x), f"(y)) > &;

o strongly sensitive, if there exists ¢ > 0 such that for all z € Z and open neighbourhood V" of
there exist ng > 0 and y € V with d(f™(z), f™(y)) > ¢ for all n > ny.

As it has been mentioned in [7, Theorem 3], (Z, f) is sensitive if and only if there exists € > 0
such that {(z,y) € Zx Z : hm 1 SUp d(f™(z), f*(y)) > e} is dense in Z x Z. Using a similar method

described in Note 2.1 belng sensmve (resp. strongly sens1t1ve) does not depend on compatible
metric on Z. Now we are ready to prove that the system (X', 0,,) is sensitive (resp. strongly
sensitive) if and only if it is Li-Yorke chaotic, i.e. W () # @.

Theorem 4.1. If W(y) # @, then (X', 0,,) is strongly sensitive.

Proof. Suppose W (y) # @ and choose § € W (y), we may suppose § = [ (see Convention 2.2).
If U is an open neighbourhood of = (2, )acr € X', there exists finite subset F of I' such that for
{(Ya)aer € X' :Va € Fy, = x,} C U. Since {¢"(6)},>1 is a one to one sequence, there exists
N > 1 such that for all n > N we have o™ (0) ¢ F,ie. {¢"(0) :n> N} CT'\ F.So

{(ya)aef‘ € X" :Va a @N(G)a QONJA(Q)’ ¢N+2(9)’ ey Ya = xa} cU.
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For all m > N, choose p,, € X \ {z,m (g}, also let

2 = Pm a:gpm(@),mZN,
) za otherwise .

Then (z4)aer € U and for m > N, (ug)aer := 05 ((2a)aer), (Va)aer = O'Z:(((L’a)aep) we have

D(O'<p ((za)aer), o ((Za)ael“)) D((va)aer; (Ua)aer)
S 0(vo,ug) _ 6(Zym(0): 2om(e))

Hence, (X', 0,) is strongly sensitive. O
® gly

Theorem 4.2. If W(p) = @, then (X', 0,,) is not sensitive.

1
Proof. Suppose W (y) = @ and consider arbitrary € > 0, then there exists N > 1 such that oN <€
Since W(y) = @, for all o € T the set {¢" () : n > 0} is finite. Thus

A:={o"(Bi):ie€{l,...,N},n >0}

is finite too, for * = (za)aer € X', U = {(Ya)aer € X' : Va € A (yo = z4)} is an open
neighbourhood of (z4)acr € XT. Forn > 0and (yo)acr € U let (Va)acr = O'w((za)aep) and
(wa)aer = 05((Ya)aer), then for all a € A we have ¢"(a) € A and v4 = Tyn(a) = Ypn(a) = Wa,
thus

Do ((aa)ocr). b (doer)) = 3 TWEE) < 5m L L

i>1,8;¢A i>N

Soforalle > 0and z € X' there exists open neighbourhood U of x such that D(o7}(x), 072(y)) < &
for all y € U and n > 0, which leads to the desired result.

By using Lemmas 3.3 and 3.2, we have the following theorem.

Theorem 4.3. If ¢ : I' — T does not have any periodic point, then (X", o,,) is Li-Yorke sensitive.

Proof. Suppose ¢ : I' = I' does not have any periodic point then by Lemma 3.3 there exists 11 > 0
such that for all « € XT, there exists b, € X' with

(a,b,) € S(X*,0,) Alimsup D(o! o(a) ol(by)) = p.

)
t—o0 @

Consider = (z4)aer € X', and b, =: y = (Yo )aer- For alln > 1 define y,, = (y?)aer with:

n:{xa ae{/ﬁla"'aﬁn}7

Ya Yo otherwise .

Using Lemma 3.2 for all n > 1 we have limsup D(0),(x), 0}, (y,)) = limsup D(o?,(x), 00, (bs)) = p
t—o0

t—o0

and htmlnfD(a@(x),aw(yn)) = htmme( "(x), 0l (bs)) = 0, in particular (z,y,) € Sz (X", 0,).
— 00 —00 2
Moreover by lim y,, = x for all open neighbourhood U of x there exists n € N with y,, € U which
n—oo
completes the proof. O
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Theorem 4.4. The generalized shift dynamical system (X', 0,) is Li—Yorke sensitive if and only if ¢ :
I' — T has at least one non—quasi—periodic point.

Proof. If (X", 0,,) is Li-Yorke sensitive, then S(X', 0,,) # @ and by Remark 3.1 ¢ has a non-quasi-
periodic point.

On the other hand, if ¢ has a non—quasi—periodic point § € T, then for A = [J{¢"(0) : n € Z},
¢ Ia: A — A does not have any periodic point and by Theorem 4.3 (X, 0,1, ) is Li-Yorke sensitive.
We may suppose A = {f,, Bs,, ...} with s1 < s9 < ---, consider p € X and equip XA with metric
Dp(x,y) = D(x*,y*), where for z = (24)aca € X* we have 27, =z, fora € A, ¥, =pfora ¢ A,
and z* = (2)qer-

Since (X*,0,;,) is Li-Yorke sensitive there exists x > 0 such that for all x € X* and ¢ > 0 there
exists y € X* with Dy (z,y) < e and (z,9) € S.(X*,041,)-

Consider z = (z4)aer € X' and open neighbourhood V; of 2. There exists r > 0 with V := {a €

X' : D(a,z) < r} C V,, Natural projection map py : X' — X* is open and continuous
(Ta)aer—(Ta)aca
hence there exists € > 0 such that

{a € X" : Da(pa(z),a) <e} Cpa(V),

so there exists w € {a € X : Dy(pa(2),a) < e} and y € V with pa(y) = w and (pa(2),w) €
S (XA 0010), 1 (DA(2),pA(Y)) € Sk(X2, 041, ). For b = (hq)aen let:

T hae a€A,
“" 1 zo otherwise,

and h = (ha)aer- Fort > 0 wehave D(al,(2), 04, (pa(y)) = Da(al,, (pa(2)), 0L, (pa(y)), therefore

(z,pA(y)) € Su(XT,0,). By D(2,pa(y)) < D(z,y) < r we have pp(y) € V C Vj and obtain the
desired result. O

Then, by using Theorems 4.1, 4.2 and 4.4 we have the following theorem:

Theorem 4.5 (sensitive generalized shifts). The following statements are equivalent:

1. (X", 0,) is strongly sensitive;
2. (X%, 0,) is sensitive;
3. (X', 0,) is Li-Yorke sensitive;

4. ¢ : T'— T has at least one non—quasi—periodic point.

Proof. 1t's clear that (1) implies (2). By Theorem 4.2, (2) implies (4). By Theorem 4.1, (4) implies
(1). By Theorem 4.4, (3) and (4) are equivalent. O

4.1 Two Diagrams

By [18, Theorem 2.13], the system (X', 0,,) is Devaney chaotic (resp. topological transitive) if
and only if ¢ : I' — I is one to one without periodic points.
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Now we are ready to summarize Sections 3 and 4 in the following diagram, which completes
the mentioned diagram in the Introduction:

@ isone toone and Per(p) = 0 =———=W(p) =T Wi(p) # 2
(XT, 0,) is Devaney chaotic (XT, 0,) is densely chaotic (XT,0,) is Li — Yorke chaotic

Let:
C:={(X",0y):ner},
Chevaney = {(X",0,) € C: (X", 0,) is Devaney chaotic},
Coensety = {(X",0,) € C: (X", 0,) is Densely chaotic},
Cry :={(X",0,) € C: (X", 0,) is Li-Yorke chaotic}.

For infinite I', suppose 3,s are distinct, then we have the following diagram:

C

Cry

CDensely

CDevaney
El
E2
E3
E4

Where “Ei” denotes Example (X1, 0,,) for ¢; : I' — T with:

e 1(By) = fapforn>1,

® ©2(B1) = p2(B2) = B3, and p2(By) = Pay forn > 3,
® ©3(B1) = p3(B2) = B2, and p3(By) = Pay forn > 3,
® p4(f1) = Pr,and p4(Bn) = Bn—1 forn = 2.

4.2 On More Types of Sensitivity
This subsection considers dynamical system (Z, f) with compact metric phase space (Z, d).
Note 4.6. According to [14], the dynamical system (Z, f) is asymptotic sensitive if there exists ¢ >

0 such that for all x € Z and open neighbourhood V' of z there exists y € V with
limsup d(f™(x), f"(y)) > . Let’s verify the following diagram:
n—oo

strongly sensitive = asymptotic sensitive = sensitive.
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Note that if (Z, f) is strongly sensitive, then there exists x > 0 such that for all z € Z and open
neighbourhood V of « there exist ng > 0 and y € V with d(f™(z), f*(y)) > & for all n > ng, hence
limsup d(f"(z), f"(y)) = limsupd(f"(x), f"(y)) > x > § =: pu, thus (Z, f) is asymptotic sensitive.

n—oo

n—oo
n>ng

Moreover if (Z, f) is asymptotic sensitive, then there exists i > 0 such that for all z € Z and
open neighbourhood V of z there exists y € V with limsupd(f™(z), f*(y)) > w, thus {n > 1 :
n—oo

d(f™(z), f*(y)) > p} is infinite and in particular it is nonempty. Hence (Z, f) is sensitive.

For ¢ > 0 and open subset V of Z let N(V,¢) :={n > 0:3z,y € V (d(f"(z), f"(y)) > )} and
we call A C N U {0} syndetic if there exists N > 1 with {i,i+1,...,i + N}NA# @ foralli > 1.

Note 4.7. (Z, f) is sensitive if and only if there exists x > 0 such that for all opene subset V of Z,
N(V, k) # 2.

First suppose (Z, f) is sensitive, then there exists ¢ > 0 such that for all z € X and open
neighbourhood V' of x there exists y € V and n > 0 with d(f"(x), f*(y)) > ¢. For opene subset
W of Z choose z; € W, then there exists zo € W and m > 0 with d(f™(z1), f™(22)) > ¢, thus
m € N(W,e) and N(W,e) # & for all opene subset W of Z.

Now suppose there exists ;1 > 0 such that N(V, k) # @ for all opene subset V' of Z. For all
z € Z and open neighbouhhood V' of  we have N(V, k) # @ thus there existy,z € V andn > 0
with d(f"(z), f"(y)) > &, therefore d(f"(z), f"(y)) > § or d(f"(x), f"(2)) > §. Thus (Z, f) is
sensitive.

Note 4.8. According to [8] we call (Z, f) syndetically sensitive (resp. cofinitely sensitive) if there
exists € > 0 such that for all opene subset V of Z, N(V,¢) is syndetic (resp. cofinite). Let’s verify
the following diagram:

strongly sensitive = cofinitely sensitive = syndetically sensitive = sensitive.

Note that if (Z, f) is strongly sensitive, then there exists x > 0 such that for all z € Z and open
neighbourhood V of x there exist ng > 0 and y € V with d(f™(z), f*(y)) > & for all n > ng. Thus
for opene W of Z choose z € W, there exist m > 0 and y € W with d(f"(z), f"(y)) > & for all
n>m,thus {m,m+1,...} C{n>0:3p,qe W (d(f"(p), ["(q)) > k)} = N(W, k) and N(W, k)
is cofinite, Hence (Z, f) is cofinitely sensitive.

Since any cofinite subset of NU {0} is syndetic, if (Z, f) is cofinitely sensitive, then it is syndeti-
cally sensitive. Since any syndetic subset of N U {0} is nonempty, if (Z, f) is syndetically sensitive,
then it is sensitive (use Note 4.7).

Note 4.9. Regarding [8] we call (Z, f) multi-sensitive if there exists ¢ > 0 such thatforall k¥ > 1 and

opene subsets V1, ...,V of Z, we have ﬂ N(Vy,¢e) # 9. Let’s verify the following diagram:
1<n<k

strongly sensitive = multi-sensitive = sensitive.

Note that if (Z, f) is strongly sensitive, then there exists x > 0 such that for all z € Z and open
neighbourhood V' of z there exist ng > 0 and y € V with d(f"(z), f"(y)) > & for all n > ny.
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Suppose Vi ..., V) are opene subsets of Z, for each ¢ choose z; € V;, then there exists n; > 0

and y; € V; with d(f™(x;), f*(y;)) > & for all n > n,;. Thus for m = max(nq,---,nx) we have

{m,m+1,...} C ﬂ N (V;, k), in particular ﬂ N(V;, k) # @ and (Z, f)is multi-sensitive.
1<i<k 1<i<k

By Note 4.7, if (Z, f) is multi-sensitive, then it is sensitive.

Lemma 4.1. If (Z, f) is cofinitely sensitive, then there exists € > 0 such that

LNV N {0,
n—00 n-+1

1

for all opene V' subset of Z.

Proof. Since (Z, f) is cofinitely sensitive there exists ¢ > 0 such that for all opene subset V' of Z,
N(V,¢) is cofinite. Hence for opene subset V of Z there exists m > 1 such that {m,m +1,...} C
N(V,e), thus for all n > m we have

n—m+1 _ Hmm+1,...n}N{0,...,n} < IN(V,e)n{0,...,n} <1
n+1l n+1 - n+1 -

N ...
which leads to lim (N(V,e) {0, ..., n}|
n—oo n +1

= 1 and completes the proof. O

Note 4.10. We call (Z, f) ergodically sensitive [8] if there exists ¢ > 0 such that for all opene subset
V of Z, lim sup IN(V;) {0, ...}

have the following diagram:

> 0. By Notes 4.8, 4.7 and Lemma 4.1 it is easy to see that we

strongly sensitive = cofinitely sensitive = ergodically sensitive = sensitive.

Theorem 4.11. For finite discrete X with at least two elements, nonempty countable set T'and ¢ : T' — T
the following statements are equivalent:

~

. the system (X', 0.,) is Li-Yorke chaotic (i.e. (X", 0,) has an scrambled pair by [17, Theorem 3.3]);

the system (X', 0,) is topological chaotic;

T

the system (X, 0,,) is spatiotemporally chaotic;

T

the system (X, 0,) is sensitive;

the system (X r 0,) is Li-Yorke sensitive;

T

the system (X", 0,,) is asymptotic sensitive;

the system (X', 0,,) is syndetically sensitive;

T

© 2 N S ok W

the system (X", 0,,) is cofinitely sensitive;

[y
S

the system (X', 0,,) is multi-sensitive;

~
~

( )
( )
( )
( )
( )
the system (X', o,,) is strongly sensitive;
( )
( )
( )
( )
( )

. the system (X', 0,) is ergodically sensitive;
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12. the map ¢ : I' — T has at least non—quasi—periodic point.

Proof. (1), (2), and (12) are equivalent by Remark 3.1.

(4), (5), (6), and (12) are equivalent by Theorem 4.5.

(4), and (7) are equivalent by Theorem 4.5 and Note 4.6.

(4), (8), and (9) are equivalent by Theorem 4.5 and Note 4.8.
(4), and (10) are equivalent by Theorem 4.5 and Note 4.9.
(4), and (11) are equivalent by Theorem 4.5 and Note 4.10.
So (1) and (5) are equivalent.

In order to complete the proof, it’s enough to show (5) imply (3), and (3) imply (1).

(5=3): Suppose (X", 0,,) is Li-Yorke sensitive. Then there exists x > 0 such that for every z € X"
and open neighbourhood U of x there exists y € U with (z,y) € S, (X", 0,), since S, (X', 0,) C
S(X",0,), we have (z,y) € S(XT,0,) and z, y are scrambled, hence (X', 0,,) is spatiotemporally
chaotic.

(3=1): Suppose (X', 0,) is spatiotemporally chaotic. Then for every z € X' and open neigh-
bourhood U of x there exists y € U such that z, y are scrambled. Choose a € X', then there exists
b € X' such that a, b are scrambled and (1) is valid. O
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